The unconventional superconductivity in the noncentrosymmetric LaNiC2, and its evolution with pressure, is analyzed basing on the ab initio computations and the full Eliashberg formalism. First principles calculations of the electronic structure, phonons and the electron-phonon coupling are reported in the pressure range 0-15 GPa. The thermodynamic properties of the superconducting state were determined numerically solving the Eliashberg equations. We found that already at p = 0 GPa, the superconducting parameters deviate from the BCS-type, and a large value of the Coulomb pseudopotential µ ⋆ = 0.22 is required to get the critical temperature Tc = 2.8 K consistent with experiment. If such µ ⋆ is used, the Eliashberg formalism reproduces also the experimentally observed values of the superconducting order parameter, the electronic specific heat jump at the critical temperature, and the change of the London penetration depth with temperature. This shows, that deviation of the above-mentioned parameters from the BCS predictions do not prejudge on the triplet or multiple gap nature of the superconductivity in this compound. Under the external pressure, calculations predict continuous increase of the electron-phonon coupling constant in the whole pressure range 0-15 GPa, consistent with the experimentally observed increase in Tc for the pressure range 0-4 GPa, but inconsistent with the drop of Tc above 4 GPa and the disappearance of the superconductivity above 7 GPa, reported experimentally. The disappearance of superconductivity may be accounted for by increasing the µ ⋆ to 0.36 at 7 GPa, which supports the hypothesis of the formation of a new high-pressure electronic phase, which competes with the superconductivity.
I. INTRODUCTION
LaNiC 2 is a noncentrosymmetric compound belonging to the family of ternary nickel carbides RNiC 2 , where R are the rare-earth elements. It crystallizes in the base centered orthorombic CeNiC 2 -type structure with the space group Amm2, and can be obtained using the arc metling method [1] or the solvothermal route [2] . The structure of LaNiC 2 lacks the inversion symmetry in the NiC 2 plane (see, Fig. 1 ).
The low-temperature superconductivity in LaNiC 2 was first reported by Lee et al. [1] with the critical temperature T c = 2.7 K. In the later papers, Lee et al. [4, 5] showed that substituting lanthanum atoms with thorium increases the critical temperature up to 7.9 K, whereas nitrogen substitution for carbon may increase T c to about 4 K, as reported by Syu et al. [6] . The noncentrosymmetric superconducting materials attracted wider attention since the discovery of the heavy fermion superconductor CePt 3 Si [7] . Lack of the inversion symme-TABLE I. The experimental values of the thermodynamic parameters obtained for the LaNiC2 superconductor. R∆ = 2∆(0)/kB Tc, RC = ∆C (Tc) /γTc, where ∆(0) is the superconducting energy gap at T = 0 K, and ∆C (Tc) is the jump of the electronic specific heat at the critical temperature. a The value found based on a fit of the experimental data (the penetration depth at low temperatures) to the one-gap model. In the original paper [15] two-gap model was used.
CeCoGe 3 [10] . In these systems, superconductivity appears in the antiferromagnetic ordered phase or around the magnetic quantum critical points [11] . We may also distinguish the second group of the noncentrosymmetric superconductors, with weak electron correlations, where one can find Li 2 (Pd,Pt) 3 B [12, 13] or Mg 10 Ir 19 B 16 [14] . The LaNiC 2 compound seems to be located somewhere between these two groups of strongly correlated and not correlated materials.
Up to now there is no general agreement, whether LaNiC 2 should be categorized as a conventional, s-wave BCS-like superconductor, or it should be considered as unconventional, with multiple superconducting gaps or even the spin-triplet pairing.
The thermodynamic properties of the superconducting state of LaNiC 2 were experimentally investigated with rather high accuracy. The various parameters, characterizing the superconducting state are collected in Table I . Lee et al. [1] reported anomalous temperature dependence of the specific heat in the superconducting state. The normal state specific heat C N was fitted as typical: C N (T ) = γT + βT 3 (3 K ≤ T ≤ 7 K), where γ = 7.83 mJ/molK 2 and β = 0.0635 mJ/molK 4 . On the other hand, the specific heat in the superconducting state (C S ) was not exponential but had the power-law form: C S (T ) ≃ 3.5 (γT c ) (T /T c ) 3 , in the temperature range 0.35 K ≤ T ≤ 1.6 K. Basing on this non-exponential decay of the specific heat below T c , the authors concluded that LaNiC 2 was an unconventional superconductor with dominant p-wave symmetry of the order parameter [1] . The normal-state value of γ was confirmed by Chen et al. [15] , where γ = 7.7 mJ/molK 2 , and the observed temperature dependence of the specific heat was analyzed assuming that LaNiC 2 was a two-gap BCS superconductor [15] , in analogy to MgB 2 [16, 17] .
Contrary to that, Pecharsky et al. [20] reported much lower γ = 6.5(2) mJ/molK 2 and observed an exponential decay of C S (over the temperature range 1.52 K ≤ T ≤ T c ), which together with the nuclear quadrupole resonance study by Iwamoto et al. [19] supported the conventional BCS-type of the superconductivity. The further studies by Hirose et al. [18] of the low temperature specific heat supported this claim.
London magnetic penetration depth λ L and the muon spin-relaxation (µSR) measurements gave independent hints for the unconventional character of the superconductivity in LaNiC 2 . The two-gap BCS superconductivity was proposed basing on λ L (T ) measurements by Chen et al. [15] . On the other hand, Bonalde et al [21] reported magnetic penetration depth characteristics, that suggested existence of nodes in the energy gap. Hillier et al. [22] conducted µSR measurements that detected spontaneous magnetic fields which indicated that the time reversal symmetry was broken in the superconducting state. The further analysis by Quintanilla et al. [23] concluded that this result could only be compatible with the non-unitary triplet pairing states, where the superconducting instability must have been split by the spinorbit coupling (SOC). Interestingly, SOC itself had to be relatively small to allow for such a state [23] . The time-reversal symmetry breaking has been also recently reported by Symiyama et al. [24] , where a spontaneous magnetization on the order of 10 −5 G along c-axis has been found.
The reduced experimental values of the superconducting energy gap 2∆ (0), and the specific heat jump at the critical temperature ∆C (T c ) are collected in Table I . Not determining the type of the pairing symmetry, the obtained results suggest that LaNiC 2 belongs to a group of the superconductors with relatively weak coupling. However, the values of the ratios: R ∆ = 2∆ (0) /k B T c and R C = ∆C (T c ) /C N (T c ), (C N is the specific heat in the normal state) are below these, predicted by the BCS theory: [R ∆ ] BCS = 3.53 and [R C ] BCS = 1.43 [25, 26] , which is not the common case for the electron-phonon superconductors [27] .
Recently, another unconventional behavior of LaNiC 2 has been discovered by Katano et al. [11] , who reported anomalous evolution of T c with pressure (see also Table I). At first, the external pressure increases T c , from 2.8 K at p = 0 GPa to ∼ 3.8 K, fairly constant between 3 and 4 GPa. This itself is a rare situation among the conventional superconductors, where usually T c decreases due to the crystal lattice stiffening [28] . For larger pressures, T c drops down, and LaNiC 2 was reported not to superconduct above ∼ 7 − 8 GPa [29] . Basing also on an analysis of the normal state resistivity, the authors suggested [11] that for p > 4 GPa different, the high-energy-scale correlated electronic state emerges, and the characteristic temperature of this unidentified phase increases with pressure, from ∼ 40 K (p = 4 GPa) to ∼ 240 K (p = 8 GPa). As possible candidates for this new phase, the charge density wave (CDW) or the Kondo phases were mentioned [11] , but the nature of this phase remained unclassified. Note, that in many other com-pounds of the RNiC 2 -type, CDW were observed at high temperatures [30] . However at high pressures the CDW state is usually not stable [11] .
The aim of this work is to theoretically investigate the effect of pressure on the electronic structure, phonons and the superconductivity in LaNiC 2 , assuming that the superconductivity is mediated by the electron-phonon interaction. In the first step, the ab initio calculations of the band structure and the electron-phonon coupling in the pressure range 0-15 GPa were carried out. Next, the thermodynamic parameters of the superconducting state were determined using the Eliashberg formalism [31] , where the depairing effects were parameterized [27, 32] . The main problems and the questions which are raised in this work are: (i) how the external pressure changes the electronic structure and dynamical properties of the system; (ii) may the electron-phonon interaction be responsible for the observed increase in T c under pressure; (iii) may the electron-phonon interaction be responsible for the disappearance of the superconductivity above 7 GPa; (iv) is the superconductivity in LaNiC 2 at p = 0 GPa unconventional in view of the Eliashberg formalism?
II. AB INITIO COMPUTATIONS
First principles calculations of the electronic structure, phonons and the electron-phonon interaction were performed using two methods: the full potential linearized augmented plane wave method (FP-LAPW, WIEN2k code [33] ) and the plane-wave pseudopotential method (Quantum ESPRESSO, QE package [34] ). The relaxed crystal structures, phonons and the electron-phonon interaction functions under various pressures in the range from 0 to 15 GPa were computed using QE package in the scalar-relativistic approximation, thus, the spin-orbit coupling is not taken into account in the duscussion of superconducting phase. The projector augmented wave TABLE II. Theoretical crystal structure parameters for LaNiC2, after relaxation under various pressures, in the orhorombic base-centered unit cell Amm2. The atomic positions are as follows: La (0, 0, u), Ni (0.5, 0, v) and C (0.5, ±y, z). Experimental values are given for comparison. (PAW) pseudopotentials [35] were employed, the planewave and the charge density cut-offs were set to 70 Ry and 600 Ry, respectively. A (4,4,4) q-point mesh (i.e. 21 different q-points) was used for the calculations of the dynamical matrices and other related phonon properties in the reciprocal space, with a (16,16,16) k-point Brillouin zone sampling. The electronic structure and the spin-orbit coupling (SOC) effects are analyzed basing on LAPW computations results, carried out on a very fine mesh of about 60 000 k-points. Perdew-Burke-Ernzerhof Generalized Gradient Approximation [36] (PBE-GGA) exchangecorrelation potential was used in all the computations.
The obtained crystal structure parameters in the Amm2 base-centered orthorombic unit cell are gathered in Table II . The ambient pressure values are in very good agreement with the experimental ones [11] , and the theoretical unit cell volume is only 0.3% larger. When the pressure increases, the strongest reduction in the unit cell dimensions is seen along a axis, i.e. perpendicular to the Ni-C and C-C bonds, see Fig. 1 . For the largest studied pressure of p = 15 GPa, the compressions of the unit cell edges are about 5%, 2% and 2.5% for a, b and c, respectively.
A. Electronic structure
The electronic structure of LaNiC 2 was studied under ambient conditions theoretically [37] [38] [39] and experimentally [18] . First principles calculations by Subedi and Singh [38] suggested that LaNiC 2 is a conventional, nonmagnetic electron-phonon superconductor, with the intermediate coupling, where the large contributions to the electron-phonon coupling comes from two low-frequency C nonbond-stretching phonon modes. Our results for the selected four pressures are presented in Fig. 2 (dispersion relations), Fig. 3 (densities of states, DOS) and Fig. 4 (Fermi surfaces, FS). For p = 0 GPa our results are generally consistent with above-mentioned works. The Fermi level crosses four bands, which arise from two bands split by the spin-orbit interaction in the absence of the center of inversion in the unit cell. This leads to four groups of the sheets in the Fermi surface pictures (Fig. 4) . FS con- Table III . The values of the partial densities result from projections onto atomic spheres with the radius: 2.5 a.u. (La), 2.05 a.u. (Ni) and 1.25 a.u. (C), kept constant while changing pressure. For all the pressures, the ground state is not magnetic in calculations. Computed value of N (E F ) for p = 0 GPa allows to estimate the magnitude of the electron-phonon coupling, assuming that the electronic specific heat is renormalized only by the electronphonon interaction: γ expt. = γ calc. (1 + λ), where λ is the electron-phonon interaction parameter. Taking the experimental values from Refs. [1, 15] 
2 ) one gets λ ∼ 0.4, confirming the weak coupling regime. The spin-orbit interaction, although very important in the context of the possible superconducting pairing symmetry, does not have a strong impact on the larger-energy-scale features of the electronic structure of LaNiC 2 . In Fig. 3(b) , where we have DOS near E F plotted for p = 0 GPa, the total DOS resulting from the scalar-relativistic computations has been additionally plotted. As one can see, no visible differences are present at or below E F , and the same conclusion holds when the pressure increases, as presented in Figs. 3(c-e). The SO splitting of the bands, as they cross E F in Fig. 2 tion), close to the average SO splitting of 3.1 mRy = 42 meV reported by Hase and Yanagisawa [39] . Magnitude of the SO splitting of bands is similar to that observed e.g. in noncentrosymmetric superconductor Li 2 Pd 3 B (up to 30 meV) [40] , where single-gap s-wave pairing symmetry was proposed [13, 41] , or to La 2 C 3 (20-30 meV) [42] , where both single-gap s-wave [42] or nodeless two-gap [43] superconductivity were suggested. Among weakly-correlated noncentrosymmetric superconductors, the largest SOC splitting (200 meV) [40] was detected in spin-triplet [13, 41] superconductor Li 2 Pt 3 B (see, also recent review [44] and references therein).
In the studied pressure range of 0-15 GPa, the electronic structure changes slightly. In the dispersion relations plots in Fig. 2 , one can identify two opposite trends in band shifts, while increasing pressure. The hole-like band near S and the electron-like near Z points go down, relative to E F , whereas the electron-like part of the band near T goes up. Nevertheless, to some extent the effect of the external pressure is comparable to the effect of the electron doping, since generally E F moves towards higher-energy states, and the electron-like pockets in Fig. 4 (h-i) become larger, than in Fig. 4(c-d) . This trend is seen in DOS plots as well: in Fig. 3 (b-e) the local maximum of DOS, which is above E F , comes closer to E F when the pressure increases. The N (E F ) value, however, does not change monotonically (Table III) , since it decreases slightly for smaller pressures, and increases for p = 15 GPa. The small, continuous increase of DOS is observed on the Ni atoms only. It is worth noting that the effects of the electron doping and the external pressure on superconductivity of LaNiC 2 are correlated also in the experimental studies. In the electron-doped (Th, N-substituted) LaNiC 2 [5, 6] T c was found to increase, similarly as in non-doped LaNiC 2 in the pressure range 0-4 GPa. As far as the spin-orbit effects are concerned, the SO splittings of bands that cross E F in Fig. 2(d) for p = 15 GPa are: 26, 47, 29 and 68 meV, in the same order as given above for p = 0. Thus, they increase in some parts of BZ, but decrease in other, showing no general trend.
B. Phonons and the electron-phonon coupling
Now let us proceed to the analysis of the dynamical properties of LaNiC 2 as a function of the pressure. Figure 5 displays the phonon dispersion curves, with shading corresponding to the phonon linewidth γ q,ν for the mode ν at q-point, which results from the electron-phonon interaction and determine the electron-phonon coupling constant:
One thing that immediately catches the eye is the lonesome mode near 40 THz, which is attributed to the two carbon atoms vibrations, in which they are oscillating in opposite directions. This mode also has the largest linewidth, however, since it has a high frequency it does not give a dominating contribution to the electronphonon coupling (see, below). This C-C bond-stretching mode was earlier identified by Subedi and Singh [38] , and our p = 0 GPa results are close to theirs [45] . Such a structure of the phonon dispersion relations divides the phonon DOS F (ω), presented in lower panels of Fig. 6 , into two regions: below 20 THz, where 11 of the 12 phonon branches are located, and above 40 THz, where the last 12th phonon mode appears. When external pressure is applied, the phonon frequencies are generally increasing, which is visible in the shifts of the dispersion relations, as well as in the phonon densities of states. Phonon branches grouped around 15 THz are visibly shifted with pressure, separating the phonon spectrum into three regions at larger p. The only phonon mode, which softens with pressure, is the first acoustic mode, especially near R and T points (see, Fig. 5 ), but no evidence for the instability of this phonon branch was detected. Table IV contains various averages regarding the phonon structure, and all the mean frequencies increase with pressure. They are defined as: and
The last value, ω Table IV , is calculated from the Eliashberg coupling function α 2 F (ω), but it was added for convenience here, and its non-monotonic behavior with pressure is due to the nature of the electronphonon coupling, which will be discussed next, not due to the changes in the lattice vibration frequencies. This logarithmic average enters the Allen-Dynes formula [46] for the critical temperature:
It is worth noting, that for LaNiC 2 ω α 2 F log it is considerably larger (40%) than ω log , which is computed using the approximation of the frequency-independent electron-phonon coupling α 2 ≃ const., equivalent to using the bare phonon DOS F (ω) function instead of the α 2 F (ω) for its determination, as in Eq. 4. The Eliashberg coupling function is plotted against the phonon density of states in upper panels in Fig. 6 . Comparing to the bare phonon DOS, the electron-phonon coupling is visibly enhanced near 10 THz, where also in the dispersion plots in Fig. 5 the phonon branches (7th and 8th) have larger linewidth. These modes also have the strong carbon oscillations contribution, but Ni and La atoms oscillate as well. When the pressure increases, the increase of α 2 F (ω) in this frequency range is observed. The electron-phonon coupling constant λ and its evolution with pressure can be determined with use of the equation:
The results are collected in Table V , the distribution of λ over frequencies is analyzed in Fig. 7 , and the total value is plotted against pressure in Fig. 8 . First of all we see, that calculations predict monotonic increase of λ with pressure. The obtained value of λ(p = 0) = 0.515 agrees very well with the value of 0.52, reported in Ref. [38] . Analyzing Fig. 7 one can see, that due to the separation of α 2 F (ω) into three main parts, λ(ω) is a three-step-like function, increasing rapidly in ranges 2-5 THz, 8-12 THz, and around 15 THz. The 40-THz high-frequency C-C mode contribute to λ in less than 2%, whereas the generally monotonic increase of λ(ω) in the range 2-20 THz shows that most of the remaining phonon modes give important contribution to λ. For the applied pressures, the largest increase of λ(ω), comparing to p = 0 GPa, is seen between the first and second 'step' in Fig. 7, i. e. for the 8-12 THz modes. In the investigated pressures range, the λ(p) increase linearly with a ratio of ≃ 0.004 per GPa, reaching 0.58 for p = 15 GPa.
Having α 2 F (ω), the superconducting critical temperature may be calculated in two ways. First, using the Allen-Dynes approximated formula (6), which is done now, and second, using the full Eliashberg gap equations, which is discussed in Sec. III. The values of T c , computed using the most often used Coulomb pseudopotential value µ ⋆ = 0.13, are presented in Table V and plotted versus pressure in the lower panel of Fig. 8 . Experimental val- ues, as reported by Katano et al. [11] are also given for comparison. For the ambient conditions (p = 0 GPa), the calculated T c agrees perfectly with the experimental value, which was also reported in Ref. [38] . Although this remarkable agreement depends on the value of µ ⋆ , this may suggest that superconductivity in LaNiC 2 (at least without external pressure) is typical and well described in standard analytical approach. As we will see in next Section, the full Eliashberg formalism, even at p = 0 GPa, shows that it is not the case, and LaNiC 2 is an unusual superconductor in many aspects.
When the external pressure is applied, superconducting T c increases monotonically, as a result of increase of λ, despite the small turnover in the behavior of the logarithmic average ω α 2 F log , reported in Table IV (it increases until 7 GPa pressure and then falls down by a small value).
This increase in T c qualitatively agrees with the experimental findings until ∼ 3-4 GPa, where even larger increase in T c was observed [11] . But more interestingly, computed λ and T c increase even above 4 GPa, where in experiment T c starts decreasing, and LaNiC 2 was reported not to superconduct above ∼ 7 GPa [11] .
These results allow to draw at least two conclusions: (i) the experimentally observed increase in T c until 4 GPa may be explained by the increase in the electron-phonon coupling; (ii) the decrease of T c and the absence of superconductivity at larger pressures is not a typical effect of crystal lattice stiffening, and is not related to the decrease of λ, since the computed λ continuously increases with pressure. The second observation supports the hypothesis of the formation of a new electronic phase in LaNiC 2 , however the driving force for this new phase hasn't been established yet. Note that, if to take into account only the electron-phonon interaction and the phase diagram of LaNiC 2 obtained by Katano et al. [11] , in a natural way one can associate the new phase with the charge density waves. The stability of each of these states (superconductivity and CDW) depends sensitively on the temperature, the value of the electron-phonon coupling constant at the external pressure, and the details of electronic bands close to the Fermi surface [47, 48] . Therefore generally Tc computed using the Allen-Dynes formula (Eq. 6) and µ ⋆ = 0.13; diamonds (circles): Tc computed using the Eliashberg equations and µ ⋆ = 0.13 (µ ⋆ = 0.221), respectively; squares: the experimental data, after Katano et al. [11] .
one could expect in the considered system occurrence of the pure metallic state, the pure superconducting state, the pure CDW, both metallic and semiconducting, and the coexistence of superconductivity and CDW.
III. ELIASHBERG FORMALISM A. Eliashberg equations
In this Section, we verify whether the full Eliashberg formalism can change above-mentioned conclusions and to what extent the superconductivity in LaNiC 2 differs from the BCS-like. The Eliashberg equations on the imaginary axis (i = √ −1) can be written in the following form: The set of Eliashberg equations has one free parameter (µ ⋆ ), which models the depairing correlations. It is usually called the Coulomb pseudopotential, which is justified when µ ⋆ ≤ 0.2, since then µ ⋆ is associated with the renormalized Coulomb repulsion existing between the electrons [32] . For the values much higher than 0.2, the quantity µ ⋆ cannot result from the electron-electron repulsion only, and it hides in itself the additional physical effects which compete with the superconductivity, and which are not included explicitly in the classic Eliashberg formalism. However, the name of the Coulomb pseudopotential is used even in such cases.
In our studies of the termodynamic properties of the superconducting phase, for all the pressures, µ ⋆ (p) is chosen in such a way that the critical temperature, determined in the framework of the Eliashberg formalism, accurately reproduces the experimental value of T c . Additionally, critical temperature is computed in two more ways: using the most commonly used µ ⋆ = 0.13, as well as keeping the µ ⋆ = 0.221, determined for p = 0, constant for other pressures. T c obtained in these ways is compared to that predicted by the Allen-Dynes formula.
The Eliashberg equations were solved numerically for 2201 Matsubara frequencies. We used the numerical procedures described and tested for various materials in Refs. [49] [50] [51] [52] [53] [54] [55] . In the considered case, the stable solutions for the functions φ m and Z m were obtained for the temperatures higher or equal to T 0 = 1.8 K.
The accurate values of the superconducting energy gap and the electron effective mass should be determined on the basis of the solutions of the Eliashberg equations defined on the real axis. In the case of the classical Eliashberg formalism, it is the most convenient to analytically continue the functions φ m → φ (ω) and Z m → Z (ω) with the help of the equations [56] :
The symbols N (ω) and f (ω) are the Bose-Einstein and the Fermi-Dirac functions, respectively.
B. Numerical results
We start the discussion of the result with p = 0 GPa case. The Eliashberg equations with µ ⋆ = 0.13 predict much larger value of the critical temperature T c = 4.8 K, comparing to the Allen-Dynes formula (T c = 2.8 K). Additionally, the Eliashberg equations with the µ ⋆ = 0.13 value were solved for p = 7 GPa and similar behavior was found: the critical temperature T c = 5.8 K is considerably lager than the Allen-Dynes formula predicts (3.6 K) (see, also Fig. 8 ). The disagreement of T c between the Eliashberg equations and the Allen-Dynes formula stems from the fact that the Coulomb pseudopotential in the Eliashberg equations depends on the cut-off fre- quency ω c [27] . Thus, if we want to discuss the validity of the Allen-Dynes formula, different µ ⋆ should be used in both theories. To correctly evaluate the thermodynamic properties in the framework of Eliashberg equations, the values of µ ⋆ , which have to be applied to get T c consistent with experiment, have been calculated using the condition, that the superconducting energy gap vanishes at T c : [∆ m=1 (µ ⋆ )] T =Tc = 0. The explicit form of the function ∆ m=1 (µ ⋆ ) is presented in Fig. 9 . Additionally, the insert shows the dependence of µ ⋆ on the pressure. It can be clearly seen that for p = 0 GPa, we have obtained µ ⋆ = 0.221. Note that if we keep this value µ ⋆ = 0.221 constant with pressure, T c determined by the Eliashberg equations and the critical temperature from the AllenDynes formula for µ ⋆ = 0.13 are almost identical (see Fig. 8 ), and to reproduce the experimental T c , small variations in the µ ⋆ (p) function are needed. Nevertheless, for the whole pressure range up to 4 GPa, in which the sole superconducting state was experimentally found to exist, µ ⋆ ∼ 0.2. Above p = 4 GPa, where T c decreases and coexistence of the superconducting state and the hightemperature electronic phase is expected [11] , µ ⋆ has to rapidly grow with the increasing pressure, and the superconducting phase vanishes for µ ⋆ = 0.36 at p ∼ 7 GPa, (see also Table VI) .
The accurate value of the order parameter for the given temperature was calculated on the basis of the equation [27] :
Results for the temperatures between the lowest T 0 = 1.8 K, considered in our calculations, and T c are plotted as a function of pressure in Fig. 10(b) . The exemplary form of the order parameter on the real axis is presented in Fig. 10(a) . Note that the values of the function ∆ (ω) are complex, whereas for the low frequencies the imaginary part of the order parameter is equal to zero. This means the infinite lifetime of the Cooper pairs due to the absence of the damping processes [58] . Furthermore, the strong correlation between the course of the function ∆ (ω) and the shape of the Eliashberg function (the distribution of the maxima and the minima of these functions) draws the special attention. This is the characteristic feature of the solutions of the Eliashberg equations on the real axis. In the case of the frequencies higher than ω max , the shape of the order parameter function becomes smoother. Additionally: lim ω→+∞ Re [∆ (ω)] = r and lim ω→+∞ Im [∆ (ω)] = 0, where r is a negative real number [59] . The full dependence of the order parameter on temperature is shown in Fig. 10(b) . The numerical results can be described rather well using a simple analytic formula:
where the exponent Γ takes the value 3.8 ± 0.3 for 0 GPa and 5 ± 0.3 for other pressures. We notice that the BCS model predicts Γ ≃ 3 [57] . With the help of Eq. 13 the zero-temperature value of the superconducting order parameter ∆(0) have been extrapolated and are collected in Table VI . The errors of the extrapolations are about 5% for p = 0 GPa and 2% for the other pressures. The values of the dimensionless ratio R ∆ = 2∆ (0) /k B T c are also presented in Table VI . For p = 0 GPa computed R ∆ = 2.74 lies between the two latest experimental results, equal to 2.5 [15] and 2.9 [18] (see ,  Table I ), and is considerably lower, than the BCS value of 3.53. In the full studied pressures range, the values of R ∆ are relevantly lower than the BCS one, and follow the T c trend, i.e. increase until 4 GPa, and then decrease.
With explicit solutions of the Eliashberg equations on the real axis, it is possible to precisely determine the temperature dependence of the electron effective mass m ⋆ (the electron band mass renormalized by the electronphonon interaction). To do this, the following formula should be used:
where m e represents the electron band mass. In Fig. 11 (a) the m ⋆ (T, p) curves are presented. We observe, that the electron effective mass increases with pressure, as expected due to the increase of λ, and weakly dependents on temperature, reaching a largest value for T = T c , where [m ⋆ e ] max ≃ (1 + λ) m e . As an illustrative example, the wave function renormalization factor is shown in Fig. 11(b) for p = 4 GPa. Similarly as it was for the order parameter, the correlation between the shape of the functions, Z (ω) and α 2 F (ω), is visible.
The condensation energy, i.e. the difference in the free energy between the superconducting and normal states has been calculated on the basis of the solutions of the Eliashberg equations on the imaginary axis [27] :
where N 1 (E F ) represents the value of electron density of states on the Fermi level per spin. The symbols Z S n and Z N n denote the wave function renormalization factor for the superconducting state and the normal state, respectively. The condensation energy determines the electronic specific heat difference between the superconducting and the normal states:
where the specific heat of the normal state is given by the formula: C N = γT , and the Sommerfeld constant has the form:
. Specific heat has been plotted in Fig. 12 , where the upper panel shows the p = 0 GPa results, compared with the rich collection of the experimental data, and the lower panel shows the evolution of the specific heat (in reduced units) with pressure. The upper panel shows, that within the range of the measurement precision, the Eliashberg formalism correctly reproduces the values and the temperature dependence of the specific heat for the superconducting state and the normal state.
Then, the characteristic dimensionless ratio
The results are presented in Table VI , and the value for ambient pressure is R C = 1.14, which rather well reproduces the experimental results 1.05-1.20 (see , Table I ). We notice, that In the last step, the temperature dependence of the London penetration depth (λ L ) has been calculated:
where e is the electron charge and v F is the Fermi velocity [27] . The normalized λ
−2
L as a function of the reduced temperature is presented in Fig. 13 . For p = 0 GPa, the theoretical curve very precisely reproduces the latest experimental results [15] , and both results differ significantly from the classical BCS theory predictions. Thus, the deviation of λ L (T ) from the BCS curve in LaNiC 2 may result either from the two s-wave gaps, as proposed in Ref [15] , or from the retardation effects included in the Eliashberg formalism, as shown here, and does not prejudge the existence of multiple gaps or unconventional pairing symmetry. The intermediate results between the curve for p = 0 GPa and the BCS curve are predicted for the higher pressures.
IV. SUMMARY AND CONCLUSIONS
The results presented in Sections II and III show that the LaNiC 2 compound exhibits unconventional, non-BCS superconducting properties, but with the electronphonon interaction being most likely the pairing mechanism. The magnitude of the electron-phonon coupling constant λ ≃ 0.5-0.6 confirms the weak to intermediate coupling regime of the interaction. In spite of this, thermodynamics of the superconducting phase is not BCSlike. First, under ambient pressure, the superconductivity may be accurately described using the s-wave Eliashberg formalism, but only if the Coulomb pseudopotential parameter is set to µ ⋆ = 0.22. Such a larger value of µ ⋆ itself is not something exceptional, similar values were needed to reproduce experimental T c e.g. for V (0.30), Nb (0.21) [61] , Nb 3 Ge (0.24) [27] , MgCNi 3 (0.29) [62] or superconducting high entropy alloy TaNbHfZrTi (0.25) [63] . However, the agreement between the Allen-Dynes value of T c at p = 0 GPa and experiment has been obtained for the typical µ ⋆ = 0.13. The thermodynamic properties of the superconducting state of LaNiC 2 become non-BCS-like, even if the s-wave symmetry of the order parameter is assumed, and the values of the characteristic parameters R ∆ = 2.74 and R C = 1.14 significantly differ from these, predicted by the BCS theory (3.53 and 1.43, respectively). If µ ⋆ = 0.22 is taken, not only the superconducting critical temperature is captured, but also the experimental temperature dependence of the London penetration depth λ L (T ), which is non-BCS-like, is accurately reproduced. Thus, in view of our results, the frequently used argument, that λ L (T ) does not follow the BCS curve, shouldn't be treated as definite confirmation for the twogap or the nodal-gap superconducting state. Also, the specific heat in the superconducting state seems to be well described within the Eliashberg formalism, but here the dispersion between the different experimental results is relatively large, which make this conclusion less firm. The formalism used here does not allow to analyze the triplet pairing, thus we are not able to discuss the non-unitary triplet pairing suggested for LaNiC 2 in Refs. [22, 23] nor explain the existence of small magnetic fields, as found recently in Ref. [24] .
Under external pressure, the first principles computations do not show any spectacular changes in the electronic structure of the system. We observe a gradual increase of the Ni-3d DOS at E F , but the absolute values are too low to induce an ordered magnetic state. On the other hand, the electron-phonon coupling is enhanced by the pressure, and λ increases from 0.515 (0 GPa) via 0.54 (7 GPa) to 0.58 at 15 GPa. This correlates with the experimentally observed increased T c of LaNiC 2 in the pressure range 0-4 GPa, and the s-wave Eliashberg formalism reproduces quantitatively the experimental T c when µ ⋆ ≃ 0.20 is taken. For the larger pressures, when in experiment the decrease of T c is observed, and computations predict the continuous increase of λ, the Eliashberg formalism is not able to explain the observed trends, if the µ ⋆ value is kept at the previous level of µ ⋆ ∼ 0.2. That strongly supports the explanation, suggested by Katano et al. [11] , that a new electronic phase is induced by the pressure in the LaNiC 2 compound, and is competing with the superconductivity, leading to disappearance of the superconducting state above 7-8 GPa. One could speculate, that the origin of this new phase and internal small magnetic fields, detected at p = 0 GPa, could be the same, and that already at ambient pressure there is some competition between superconductivity and the ,,second" phase. This could well explain the enhanced value of the Coulomb pseudopotential parameter µ ⋆ ≃ 0.2, which was needed to reproduce T c basing on Eliashberg formalism. The muon spin relaxation µSR or magnetization measurements under pressure could shed more light on this issue and help to verify whether the internal magnetic fields, reported in Refs. [22, 24] , are enhanced or quenched by the pressure, suggesting whether they compete or cooperate with the superconductivity. Additionally, such measurements could be performed for the electron-doped samples, since, as we mentioned, electron doping and external pressure result in similar changes in the electronic structure and critical temperature of LaNiC 2 .
Although Eliashberg formalism successfully explained a number of experimental results, we have to note, that in the presented analysis of the superconducting phase, spin-orbit coupling and Fermi surface splitting was not taken into account, and single-gap s-wave symmetry was assumed. We may speculate, that the Fermi surface splitting could result in reduction of T c , and for this reason in our studies increased value of µ ⋆ was necessary to obtain computed T c equal to the experimental one. To resign from this assumption, but still considering singlet pairing, one would have to calculate the anisotropic, momentum-dependent Eliashberg coupling functions α 2 F (k, k ′ , ω), taking into account spin-orbit interaction and Fermi surface splitting. Next, corresponding set of anisotropic Eliashberg equations would have to be solved, similarly to what was done for MgB 2 [64, 65] , but extended to include SOC. Since such calculations are beyond the scope of present work, further efforts are required to unambiguously conclude on the actual pairing symmetry in LaNiC 2 , especially that some of the experimental results seem to contradict each other (see, Introduction). However, as the effect of SOC on the electronic density of states is negligible, we do not expect a significant effect of SOC on either an overall magnitude of the electron-phonon interaction, or on the integrated Eliashberg function α 2 F (ω). Thus, our observations of increased strength of the electron-phonon coupling under pressure should remain valid, leaving the disappearance of superconductivity above 4 GPa in LaNiC 2 as related to different, than electron-phonon mechanism.
